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Aeroelasticity of Nonlinear Structures
Using the Corotational Method

Ana Relvas* and Afzal Suleman®

IDMEC-Instituto Superior Técnico, 1049-001 Lisbon, Portugal

A method to solve aeroelasticity of geometrically nonlinear structures in the time domain is presented. Large
structural deformations are taken into account using the nonlinear corotational theory. Stable and accurate non-
linear solutions are obtained using the corotational theory in combination with an implicit energy-conserving algo-
rithm. The fluid flow is modeled using Euler equations solved using a modified multiple moving-frames method. The
application of the proposed methodology is illustrated on a study of nonlinear aeroelastic response of a NACA0012
airfoil in transonic flow. The proposed method is stable and results in accurate nonlinear solutions without the

need to deform or regenerate the fluid grid.

Nomenclature

A = ok / 8Q Jacobian matrix

a,aj = acceleration vector of fluid flow particle jk
relative to the absolute reference frame

aj; = {aj,,a;,} translational acceleration vector
of moving frame j

a,,a; = transformation acceleration vector of fluid
flow particle jk

oo = freestream sound speed

a,a = acceleration vector of fluid flow particle jk

R relative to the moving reference frame j

B = 0F/0S Jacobian matrix

b = airfoil semichord

C = lift coefficient

Cn = moment coefficient

D = 08/0Q Jacobian matrix

d = [u, v] finite element translational degrees
of freedom

E = Young’s modulus

E = finite element cross-sectional area

(e, b) = current finite element local coordinate system

e = total fluid flow energy relative to the moving
reference frame

F = vector of applied forces on the airfoil

F, = aerodynamic force vector applied on the airfoil

F, = force vector applied on the airfoil as a result

R of springs reactions

F = flux vector relative to the moving
reference frame

fe = external force vector

fi = internal force vector

Sfui = [N, M,, M,] local internal force vector

h = 0At/(1+¢)

h = airfoil plunge degree of freedom
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uy, vy, 0
Uz, v, 0h
V.V,
\4

Vi. Viji
. Vik

airfoil polar moment of inertia about

the elastic axis

fluid grid metric Jacobian

airfoil stiffness matrix

finite element linear stiffness matrix

finite element total nonlinear stiffness matrix
finite element “geometric” stiffness matrix
length of finite element current configuration
length of finite element initial configuration
airfoil mass matrix, finite element mass matrix
freestream Mach number

airfoil mass

fluid flow pressure

{uy, v1, 61, us, v2, 6} finite element degree
of freedom vector

{0,0,6L,,u.,0,6,,} finite element local degree
of freedom vector

vector of conservative flow variables

{h/2b, a} degrees of freedom of the airfoil
rigid-body motion

position vector of fluid flow particle jk relative
to the absolute frame of reference

origin coordinates of reference frame j
distance between the grid point jk

and the airfoil middle chord

{x, ¥} fluid flow particle jk position vector
relative to the moving frame j

right hand side of the modified Euler equations
finite element corotational

transformation matrix

matrix which columns are matrix

B cigenvectors

matrix which columns are matrix

A eigenvectors

tds/2b dimensionless time

freestream velocity

Uso/bwy

contravariant velocity components relative
to the moving frame

finite element node 1 deg of freedom
(translations and rotation)

finite element node 2 deg of freedom
(translations and rotation)

fluid flow particle jk velocity vector relative
to the absolute reference frame

{vj., vj,} moving frame j translational
velocity vector

fluid flow particle jk transformation velocity
{i1, D}, {it jx, Vjx} velocity vector of fluid flow
particle jk relative to the moving frame j



750 RELVAS AND SULEMAN

X,Y) = fixed reference frame
X, X, = coordinates of nodes 1 and 2
of the initial finite element
Xo = distance in semichord measured from
the elastic axis to the center of mass
TN = moving frame associated with fluid

flow grid node j

o = airfoil pitch degree of freedom

o = beam rigid rotation angle

y = 1.4, ratio of specific heat

Vaz = I/ mb?

At = time step

0 = constant of fluid flow solver scheme

A, = diagonal matrix with matrix B eigenvalues
A = diagonal matrix with matrix A eigenvalues
n = m/mpb? airfoil air-mass ratio

En = curvilinear coordinates of fluid grid

&, &, n¢,n; = fluid flow grid transformation metrics

o = fluid flow density

7 = constant of fluid flow solver scheme

Wy = plunge motion uncoupled natural frequency
w;j = moving frame j angular velocity vector

w;j = angular acceleration vector of moving frame j
Wy = pitch motion uncoupled natural frequency

1. Introduction

LUID-STRUCTURE-INTERACTION (FSI) algorithms solve

problems characterized by the coupling between the fluid and
the structural fields. Aeroelasticity is one possible application of
FSI techniques. Nonlinear aeroelasticity is a complex phenomenon
where nonlinearities such as large structural deformations, material
nonlinearities, shock waves, separation, and viscous effects play an
important role. A detailed discussion about the physical sources of
nonlinearities is presented by Dugundji' and Dowell et al.?

Linear aeroelastic analysis can be considered as a mature science;
however, its assumptions might not be accurate enough for certain
flight regime requirements. Linear theories can lead to overly con-
servative flutter margins and design of vehicles with suboptimal
performance. Situations where the linear theory is not reliable are
the prediction of the transonic dip and in the design of aircraft with
high-aspect-ratio wings where the geometrically nonlinear struc-
tural effects play a crucial role. Thus, assuming small aeroelastic
perturbations and using lower-order fluid and linear structural mod-
els might not be acceptable in some aircraft configurations being
currently considered.

Currently, nonlinear aeroelastic methods are not fully developed,
and one major problem is the high computational cost associated.
Most of the methods solve the problem in the time domain because
frequency-domain methods are not able to predict chaotic behavior,
and also, the time domain is more amenable to state-space control
methodologies.* Thus, the development of general, computation-
ally efficient, robust, and accurate nonlinear aeroelastic algorithms
is needed to properly design for nonlinear aeroelastic response of
flexible aircraft structures.’

Most of the reported literature on nonlinear aeroelasticity has fo-
cused on improving fluid flow modeling using nonlinear models
for Euler and Navier-Stokes equations.®~!! Some work considering
nonlinear structures has also been reported.'>~'* The limit-cycle-
oscillations nonlinear phenomenon was studied by Tang et al.!> and
Weiliang and Dowell.'® Research reporting different sources of non-
linearity has been presented by Dowell and Tang.!” Also, computa-
tional and experimental investigation on limit-cycle oscillations was
performed by Sheta et al.,'® and results highlight the importance of
including nonlinearities in both structures and fluid solvers.

As the structure deforms, the fluid grid has to be regenerated or
deformed to agree with the boundary change. This can be one of
the most time-consuming steps within the fluid-structure-interaction
algorithm, and it can also introduce errors if the fluid grid cell has
unacceptable distortion. An overview of the methods applied in
aeroelasticity to deal with the fluid grid adjustment is presented by
Piperno.!® One possible approach is the use of algebraic methods,°

which redistribute the grid nodes deforming an existing grid. They
are fast but are limited to problems with small deformations be-
cause large deformations can lead to poor quality grids and grid lines
cross over. One of the most commonly used methods is the arbitrary
Lagrangian Eulerian formulation (ALE). Here, besides the material
domain, associated with the Lagrangian description, and the spatial
domain, associated with the Eulerian description, there is areference
domain associated with the computational mesh, which has a deter-
mined motion different from the material and the spatial domains.
In short, the grid points can be displaced independently of the fluid
motion, and the fluid grid nodes remain attached to the structure
nodes as the structure deforms. This formulation requires an ex-
tra grid-deformation algorithm. The ALE is an elegant and simple
formulation, which allows to study complex geometries even using
unstructured meshes. The solving algorithm is split in two steps: de-
termination of the Lagrangian and of the convective fluxes, which
excludes global upwind schemes and limits the time step to small
values. Some applications of the ALE to aeroelasticity can be found
in Refs. 21-25. In different ways, all of these methods have in com-
mon the idea of accommodating the fluid grid to the structure defor-
mation, and all have a computational time associated proportional
with the level of generality and stability. One of the methods reported
by Piperno' is the moving-frames method originally proposed by
Kandil and Chuang?®?” for problems with rigid structures and by
Farhat and Lin?® and Lin? for problems with flexible structures. This
method does not require any fluid grid deformation or regeneration,
and it is based on the idea of solving the fluid flow equations with
respect to multiple moving frames that follow the structure. This the-
ory allows one to obtain fluid-structure interaction solutions with no
mesh deformation or regeneration; however, Farhat and Lin?® and
Lin® have reported that it is only suitable to problems with small
deformations.

The nonlinear corotational finite element theory solves prob-
lems of geometrically nonlinear structures, and it is based on the
following idea: one finite element displacement is considered to
be composed of the element initial configuration rigid motion,
which results in the corotated element and of the corotated ele-
ment small deformation. This information naturally couples with
the fluid algorithm presented and as the corotational theory decom-
poses the displacement in a manner that the elastic deformation
determined is always small, the moving-frames algorithm does not
fail. Thus, an efficient, stable, and accurate nonlinear method is
obtained.

Furthermore, the nonlinear corotational finite element technique’s
main advantage is making it possible to use finite element linear
codes already developed to obtain geometrically nonlinear solu-
tions. A cantilever plate subjected to a low-speed fluid flow was
successfully studied using the corotational theory in combination
with an implicit-energy-conserving algorithm® to solve the struc-
tural dynamic equations.

Here, a staggered fluid-structure-interaction algorithm is also
used. The structure and fluid solutions are determined separately,
and each solver treats the interaction effects as external forces. This
procedure allows the use of existing software and takes advantage of
developments that have been made in the structural and fluid fields,
independently. To that end, the improved-serial-staggered algorithm
originally proposed by Farhat and Lesoinne®' is applied. Further-
more, a modified multiple moving-frames theory is combined with
the nonlinear finite element corotational theory to compute the non-
linear structural response in a flowfield. The Euler equations solved
with respect to multiple moving frames of reference are applied to a
rigid NACAO0012 airfoil with a prescribed pitch motion only and also
with coupled pitch and plunge degrees of freedom. To illustrate the
application of the proposed algorithm, the two-degrees-of-freedom
airfoil with chordwise flexibility is also presented. The proposed al-
gorithm has advantages as it does not require fluid grid regeneration
or deformation.

To finalize, nonlinear implicit dynamic algorithms are often in-
stable. To overcome this, the two-dimensional implicit corotational
energy-conserving (ICEC) formulation proposed by Crisfield has
been adopted.’> 3
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Fig. 2 Fluid particle position vector representation.

II. Fluid Flow Modeling Using Multiple Moving
Reference Frames

The basic idea, as first developed by Farhat and Lin®® and Lin,*
is to define multiple moving frames of reference, each attached to a
structural grid node as presented in Fig. 1.

Each moving frames (X, y;) is characterized by its origin position
vector r; (see Fig. 2), its orientation, translational velocity V; and
acceleration a; vectors, and angular velocity w ; and acceleration w ;
pseudovectors. Asillustrated in Fig. 2, the fluid particle P;; absolute
position vector i is

rjg=r;+Fy (D

where r; is the respective moving frame origin position and 7, the
fluid particle position relative to the moving frame j. Differentiat-
ing Eq. (1) with respect to time, the Pj; absolute velocity V; is
determined and related with the velocity vector Vj; measured in
the moving frame j. Taking into account that the moving frame of
reference vectors are time dependent,** one obtains

Vi=Vi+V,+w; xFj 2)
The last two terms of Eq. (2) represent the effect of the frame motion
(translational and rotational), and it will be named as transformation
velocity:
Vi =V;+w; xrp 3)
The similar relation to Eq. (2) regarding accelerations is
=y +a;+ 2w x Vi + @y x i+ wj x (W) xFi) (@)
where a similar transformation acceleration is identified as
a jr=a;+2w; x f/jk +w; XFPptw; x(w; xFp) O

From this point further, the subscript jk will be omitted for the
sake of simplicity.

A. Euler Equations with Respect to Multiple
Moving Frames of Reference

The fluid flow is solved using the two-dimensional partial differ-
ential Euler equations in the strong conservation form. Note that the
multiple moving-frames theory can also be extended to the Navier—
Stokes equations.

The two-dimensional Euler equations relative to multiple moving
frames of reference in general curvilinear coordinates®® are

3,0+ 0.E+09,F=8§ ()
where
P pU
Q_ 7! 4 i | pRU +&:p
pb |’ pdU + &p
€ U@+ p)
.| eV +mep N I
F=1J A S=1J (7
POV +n5p Ss
V(E+p) S

Here, p is the fluid flow density, ¢ the total fluid flow energy relative
to the corresponding moving frame of reference, and p the fluid
flow pressure

p==D[e=3p@ + ")+ 30V]] ®)

J~! the metric Jacobian, and &;, &5, 1z, and n are the transformation
metrics. The contravariant velocities

A

U = &+ &7, V =it 4+ n3d 9

The major difference between the standard Euler equations and
the ones derived with respect to multiple frames is the right-hand-
side vector S:

Sy =—pV-V,

Sy = —pa,, — piV -V,

S3 = —pa,, — POV -V,
Si=—plV-a;+w; xP-a;+V; (@ —w; x V)
FV- (@ x P+ (W) x ) - (@ x D] = @+ p)V-V,  (10)

B. Numerical Algorithms

A software code to solve the two-dimensional Euler equations
with moving frames of reference was developed based on the
ARC2D research code.’3¢ The ARC2D was developed based
on two-dimensional second-order central finite differences, time-
implicit (first- or second-order accurate) algorithm with approxi-
mated factorization and implicit operator diagonalization. Second-
fourth-order artificial dissipation terms were added.”’

Considering AQ" = Q" ™! — Q" and applying a time differencing
scheme®®* to Eq. (6) rearranged as 8,Q = —9.E — 3,F + S, one has

A O At

no__ o+ 1 £ + 1 Qn+1
AQ" = 1+¢(—E5 —Fpt S
(Q_I)At on Fn Qn
% An—1 1 2 3
+ ——AQ +0[(9———¢)At +At:| (11)
I+ 2
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where 6 and ¢ values are the implicit scheme constants (the three-
point implicit scheme is obtained with & =1 and ¢ =0.5) and n and
n + 1 represent successive time instants. The terms Sn+1l Er+! and
F"+1 are linearized in time as

En+l =En+AnAQn+O(At2)

i;n-%—l — I:wn +l}nAQn + O(Afz)

Sanrl =Sn +bnAQn+O(A[2) (12)
where A = BE/BQ, B= 81?7/8@, and D= GS‘/BQ are the flux Jaco-
bians and are explicitly determined by Lin.?

Combining Egs. (11) and (12), one has

O At N o N N
I+ ——(0:A" +0,B" —D") |AQ"
[ +1+(p(€ + 0y )j| 0

Al ” n ” n Q n
= lJr(p(—agE —0,F" +8")
where [ is the identity matrix.
Equation (13) is approximated with central differences. One so-
lution to reduce the computational time to solve the problem with a
fixed frame* is to use an approximate factorization. In the present
paper, a similar method is proposed to approximate the left-hand
side of Eq. (13) as

% An—1
+ —A 13
i 0 13)

inversions are required. Pulliam and Chaussee?® showed that for the
conventional case with a fixed frame the error induced by this diago-
nalization reduces the time accuracy to at most first order. However,
they also showed that the problem is solved more efficiently as just
half the numerical operations are required. The terms A¢, A, T¢,
and T, are determined explicitly. The eigenvalues matrices present
the same form as the case with a fixed frame:

U o0 0 0
0 U 0 0

Ac=10 0 O+afe2+e 0 A7)
0 0 0 U—a,fe2+&
[V o 0 0 ]
0V 0 0

A= 0 0 \A/—i—a/nﬁ—i-r]; 0 (18)
[0 0 0 V—a/n?+n]

where a is the sound speed that for ideal fluids is defined as

@=yp/p. . .
Defining « as & or 1, the eigenvectors matrix is

1 0 o o
i ksp a(i + Kza) a(ii — kza)
T, = ] —Kkip a(b + kza) a(b — kya) (19)
_ 2 _ 2 _
——  plkyit — iz D) a[w-f—a@} a[w —a(:)i|
Y- y —1 y —1
The T, inverse is
1_¢+’ﬁ (y — Du (y —Dd _r=D
a? a? a? a?
N I & i .
T '= | —(kyu —kev)/p » - (20)
B+ —a®) Bliza— (v — Dl Blsa—(y — DD By — 1)
B+ ¢ +a®) —Blia+ (y — Dil —Blsa+(y — DIl By —1)

At All
——5,B
+o

INE 0
LHS = ( I+ A" )1+
+¢ 1

OAL - J O At
x| I— D" |AQ" —
1+¢ I+¢

As AQ” is second order in time, the term [AAt/(1 + ¢>)] can
be neglected without reducing the time accuracy. To obtain a
more efficient algorithm,* the diagonalization is carried out into
four scalar operators for the terms {I +[0Az/(1 +<p)]6gA”} and
{(I+10At/(14+¢)15, B”} Defining A; and A, as diagonal matri-
ces, which values aIeA and B eigenvalues, and T ¢« and T, as matrices,
which columns are A and B eigenvectors respectwely,“' the re-
lations Ag = g]ATE and A, =T, lBT are valid. Thus, defining
h=0At/(1+¢), Eq. (14)is rewrltten as

LHS =TT, + hée (T AT [T, T, + s, (T, A, T, )]

3
) 8:A"8,B"D"AQ" (14)

x (I — hDHYAQ" (15)
Taking T', and T¢ out of the spatial derivative, one has
LHS =T (I + h8: AT, ' T, + h8,A,)T, (I — hD") AQ" (16)

With this simplification, the final system is reduced to blocks
so that only 4 x 4 matrix multiplications and scalar tridiagonal

where © = kit + k30, ¢ = E(J/ - 1)(&2 +92), ¥ = —(y - 1)(V ),
o= p/JZa B=p/s2pa, ©=k;ii+k;0, Kz =k; /\/(K +K2)
and k5 = K5//(KF +K3).

For the sake of completeness the matrix D is presented in the
appendix.

Inviscid boundary conditions are considered at the body surface.
The pressure is obtained from the momentum equation inner product
by the airfoil normal. The locally one-dimensional Riemann invari-
ants boundary conditions are used at the freestream boundary.*> A
far-field circulation correction is also used, which allows the mak-
ing of the far-field boundary condition closer to the airfoil. Far-
field distances of the order of five chords are used without losing
accuracy. >4

III. Structure Modeling Using the Finite Element
Corotational Theory

The application” to illustrate the proposed fluid-structure-
interaction method is an infinite length wing structure, thus per-
mitting a two-dimensional analysis. The structure considered is a
flexible NACAO0012 airfoil stiffened with a vertical rigid shear panel
at the quarter-chord as illustrated in Fig. 3. The horizontal spring
K, is set to a high value so that there is no movement in the x
direction. Two kind of analysis are performed: first, the airfoil is
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assumed rigid; next, the airfoil is assumed flexible and its surface is
discretized using beam finite elements as illustrated in Fig. 3.

A. Rigid Structure

First, the multiple moving-frame theory is applied to arigid struc-
ture with the purpose of validating the code developed and to com-
pare the results with the case of flexible structure.

The structure motion dimensionless equation?” is

Mg+ Kq=F 21)
where the degree of freedom vector is ¢ =[h/2b «], b represents

the airfoil semichord, 4 and « the plunging and the pitching motions
respectively, and

! Yo 4“)ng0 0
2 U*Za)Z
M= 5 K= o
Yo Yo Ya M3
2 4 0 U=
—2M2.C
T
F= H 22)
2M2 C,
L

Here, Uy, is the freestream speed, M, is the freestream Mach num-
ber, U* = Uy /bwy, X, is the distance in semichord measured from
the elastic axis to the center of mass, u=m/mpb” is the airfoil
air mass ratio, m is the airfoil mass, w;, and w, are the plunging
and pitching motions uncoupled natural frequencies determined as
w}=Ky/m, and 0> =K, /1,, y>=1,/(mb?), and 1, is the airfoil
polar moment of inertia about the elastic axis. C; stands for the
lift coefficient and C,, for the moment coefficient around the elastic
axis. The minus sign on C; results from the plunge degree of freedom
being defined positive downwards. The rotation degree of freedom
«a is positive clockwise. The time is dimensionless as t* =ta., /2b,
where a is the freestream sound speed. This system is solved using
the trapezoidal rule.

B. Flexible Structure
Here, the structure is assumed flexible, and linear and nonlin-
ear simulations are performed. Neglecting the geometric nonlinear

.. Beam
Element

y 4 |,

— Current
; config,

effects, the airfoil is discretized using the two-node Hermitian finite
element beam with six degrees of freedom

p={uy,vi,01,us, vz, 0,} (23)

where the subscripts 1 and 2 refer to the beam first and second node
respectively, u and v are the translational degrees of freedom in the
X and Y directions respectively, and 0 is the cross-section rotation.
The following dimensionless dynamic equation is solved:

Mp + M2, | (Uso/2b)* | Krp = (40 [aX) (Fu — Fi) =f.  (24)

where M is the finite element lumped mass matrix, K the finite
element stiffness matrix, F, the aerodynamic force vector, F; the
force vector due to the springs reactions, and f, the total external
force. Equation (24) is solved in a stepwise form by determining the
solution at each time step based on the solution determined at the
previous time step.

The corotational theory is used based on the same beam element
to solve for structural geometric nonlinearities. As it was pointed
before, in the finite element corotational theory, the current element
results from a rigid-body motion of the initial element, resulting in
the corotated element, plus an elastic deformation of the corotated
element as illustrated in Fig. 4. The initial and current element con-
figurations have lengths of /; and /., respectively. Each element has
alocal coordinate system (e, b) attached to one of its nodes, and this
system continuously rotates with the element. The small elastic de-
formation is defined relative to this local system, and consequently
the linear formulation is valid in it. This formulation is based on
Ref. 32.

The tangent stiffness matrix K relates §f; and &p as

6f; =Krdp (25)

where f; is the element internal force. The displacement vector p in
global coordinates represents the total nodal displacement of each
finite element, which takes the initial element configuration to the
current configuration. The vector p, , relative to the local coordinate
system associated with the respective element, represents the nodal
elastic deformation undergone by each corotated finite element to
obtain the current element configuration. The subscript L is used to
identify a variable as local, and no subscript means that the variable
is global. The nodal elastic deformation vector relative to the local
coordinate system is

pL=10,0,0r1,ur,0,06;,} (26)
where

9L1 :9] —, 9L2:92—(1 (27)

1 1
up =1l —ly=[Xa +d2)" X1 +do)|* = [X[, X1 ]*  (28)

Current
config.

Elastic
Def.

Corotated
config.

Fig. 4 Initial, corotated, and current configuration representation for a beam element.



754 RELVAS AND SULEMAN

Here the subscript 12 applied to a variable refers to the difference
between that variable on node 2 and node 1. Therefore, X; and X,
are the initial element nodal coordinates, X,; =X, — X, d =[u, v],
dy) =d, — d,, and o is the element rigid-body rotation obtained from

X x Xy +d
sin(q) = 22 X A T ) (1 12‘ +do) (29)
cto

One of the most important steps in the corotational formulation
is determining the relation between small changes (virtual) of p,
and small changes of p. This relation is generically represented by
a transformation matrix T as

SpL=Tdp (30)

The element nodal vector of the internal forces in the local system
JiL and the element nodal vector of the internal forces in the global
system f; are related as

So=Tf; €1V

The vector f; should be determined to find K7 from Eq. (25). Con-
sidering Eq. (31),

8f; =T"8f+8T" fu (32)
The vector §f; is determined by applying the basic definition of
the corotational theory, which states that in the local coordinate
system &p; is small, and therefore the elastic deformation dp; can

be modeled with a linear finite element. Writing Eq. (25) at the local
level

ofiL =Kidp,. (33)

where K| is the element linear stiffness matrix. Considering Egs. (30)
and (33), Eq. (32) becomes

ofi = TTK/5PL + (STTfiL
=TTK,Tsp + 8T f,, (34)

The nonlinear tangent stiffness matrix Ky is determined comparing
Eqgs. (25) and (34). Therefore

K =T'K,T+K,, (35)
where K, verifies the relation
Ko 8p =58T" fiL (36)

The (6 x 6) transformation matrix 7 is determined from Eq. (30)
from geometric considerations?:

Sup =el8dy =e’8d, —e! 5d, 37

0.1 =580, — b, 80,,=386, — Sa (38)
with

Sa = (b] [1.)8dy = (b] [1.)8d, — (b] [1.)8d, (39

From Egs. (30), (37), (38), and (39) it is possible to determine the
transformation matrix

_ or 5
OT
bl [l 1 —bl[l. 0
r= —e! 0 e 0 (40)
OT
| bl Jl. 0 —bIJI. 1 ]

where 07 is a 1 x 6 zero vector and

e, =[cos(B,), sin(B,)], b =[-sin(B.),cos(B)]  (41)

B, is the current configuration angle as illustrated in Fig. 4. The
matrix 67 is

- or -
OT
s(br/1.) o —s(7 /1) ©
=1 ger 0 8’ 0 “2)
OT
s(br/1.) o —s(7 /1) ©

where from Eqgs. (41) and (39), and 68 = §«:
Se.=b.So = (bcb! [1.)5ds

8b. = —eda=—(eb! [I.)ody.  5l.=e!5dy,

8(be/lo) = (1/1)8b +bS(1/1) = —(ech] /17 +b.e! [17)ddn
(43)

The nonlinear tangential stiffness matrix Ky is determined
from Eq. (35). K,, final expression is obtained from Eq. (36),
which requires the evaluation of the local internal forces f =
[N s M 1s Mz]:

v EA M 2E1[2 1][6L w
-, e M| T T | 2|6,

where A is the element cross-sectional area, E the Young’s modulus,
and / the element moment of inertia.
Combining Eqs. (42—44), and considering Eq. (36), matrix K, is

K _| K K 45
=k x 45)

where K is the 3 x 3 matrix:

N/I)b.bT M14+M2)/1?|(e.bT +b.eT) 0
‘e [( /lbbT +[( +0T )/2](ebT +beel) } o)

Two algorithms are applied to determine the structure deforma-
tion in time. First, the nonlinear version of the trapezoidal rule is
adopted. This is a very popular procedure, and, though it is uncondi-
tionally stable for linear problems, the same is not true for nonlinear
problems. Often for nonlinear systems the trapezoidal rule requires
very small time steps to obtain satisfactory solutions, and there is
the possibility that the solution can “lock™ or “blow up.” A very
careful solution analysis is required because sometimes the algo-
rithm converges to a solution that is not correct.** The solution pro-
posed by Crisfield is an energy-conserving algorithm based on the
midpoint rule.** This algorithm also uses the information obtained
at the midstep ¢ + Atz /2. Although it might appear more complex
and requires larger data storage, the stability and accuracy obtained
overcome these inconveniences.

Defining f, as the external load vector, the total energy change
over the time step is

Pt ar—

T
p
AE:.ﬁtT+Ax/2AP+|: Ar t:| MAp _ngAP 47
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This algorithm is stable because it is based on the determination of
S+ ary2- Itis not determined from the displacement p; , A, /> but from
the fi., and fi ; + A, vectors average.

0 T A .
Sirap= { [D(%)} +j} (J%) 48)

Here T? is the transformation matrix defined in Eq. (40) considering
the diagonal unit terms corresponding to the nodal rotation as zero.
The D matrix is a correction® defined as the diagonal matrix:

49)

A 2 A
diag(D):(0,0, al 0 “)

sinAa’ 1 4cos Aa’  sin Aa

and I is a 6 x 6 matrix, which the only nonzero positions are (3, 3)
and (6, 6), which are set to the unity.
The new K matrix explicit formula is recalled in the appendix.

IV. Fluid-Structure Interaction

A. Metrics Update

The major advantage of using multiple moving frames is the ab-
sence of fluid grid regeneration or deformation. If the structure
is considered flexible, only the fluid grid metrics J~!, &, &, s,
and 75 need to be updated. The multiple moving-frames method as
originally proposed by Lin? is based on the assumption of small
structural elastic deformations and that each frame reflects the rigid-
body motion of the structure. The structural elastic deformations are
transferred to the fluid solver by a fast metrics update method. Con-
sidering the two-dimensional case, at each node (j, k) each metric
is updated:

(AX)j=(rj /T (AX) 1, (AP)je =1 /150(AD) 1

(50)

where [AX; 1, Ay, ]is the deformation of the grid point (j, 1) and
r; x the distance between the grid point (j, k) and the airfoil middle
chord. Because nodes (j, 1) lie on the surface, (AX;;, Ay;,) is
determined by the structure solver. Equation (50) is based on the idea
that the fluid grid points are less affected by the airfoil deformation
as they get farthest away.

B. Integrated Corotational Approach

The multiple moving-frames method as originally proposed by
Lin? and Farhat and Lin®® was restricted to small elastic deforma-
tions because it was assumed that all moving frames had the same
orientation of the airfoil’s chord (reflecting the airfoil rigid-body
motion), and the elastic deformations of the structure were trans-
ferred to the fluid algorithm through the metrics update scheme
[Eq. (50)]. To assess the effect of large structural deformations, they
modeled the coupling between the multiple moving-frames method
and a flexible structure with no rigid-body motion by just updating
the fluid grid metrics with the structure deformation and preventing
the frames to move. For large deformations the method failed.?®

Structure
finite element
current configuration

Structural
total
displacement

Structure
finite element
initial configuration

Here, this limitation is overcome by associating the finite ele-
ment corotational method with the multiple moving-frames method.
Figure 5 illustrates the interaction between these two algorithms,
representing a simplified scheme of the fluid grid nodes and the ini-
tial and deformed configurations of the structural finite elements.
The fluid grid nodes represented are associated with the thicker fi-
nite element. This element has attached a moving frame j, which
motion reflects this finite element rigid motion evaluated from the
corotational finite element equations. The solution of the Euler equa-
tions at these fluid grid nodes is determined relative to the frame j.
The finite element corotational theory evaluates the moving-frame
orientation as [e., b.] from Eq. (41). The origin position r; of each
frame corresponds to the total displacement of the element node
where the frame is attached. The finite element corotational method
also evaluates the moving frame translational velocity V; and ac-
celeration a; vectors and angular velocity w; and angular accel-
eration w; pseudovectors. The finite element current configuration
results from small elastic deformations of the corotated finite ele-
ment. These small elastic deformations will be applied in the fluid
grid metrics update scheme [Eq. (50)]. As this deformation is by
definition small, the metrics update scheme does not fail.

This method can be extended to three-dimensional problems. In
this case, the angular velocity w; and acceleration w; vectors have
three components different from zero, and the structure is modeled
with corotational plates or shell elements. The integrated corota-
tional approach can also be extended to the Navier—Stokes equations.

V. Nonlinear Structural Results

Two nonlinear dynamic structural problems are solved using the
trapezoidal rule and the ICEC algorithm with the purpose of illus-
trating the benefits of the ICEC method.

A. Problem 1: Oscillating Cantilever Beam

This problem is represented in Fig. 6. The initial conditions are
presented in the figure, and the structure is subjected to the force of
gravity. The problem is solved using four beam elements and a time
step of Ar =0.001 s. Figure 7 presents the total energy variation ob-
tained with both methods. Figures 8 and 9 present the deformations

a4
X
y gl 4
L <

L=1m kﬁ*
EA=2.1x10°N
EI=1.75x10°Nm* | \$7*
Ap=75 Kg/m 9,=100rad/s

v,=100m/s
Fig. 6 Problem 1 data.

Moving
Frames

Fig. 5 Corotational approach.
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Z_ VA‘L\!\A J AAMMAVL_
T

-20 p :
0 0.05 time, s 0.1 0.15

Fig. 7 Problem 1: Total energy change obtained using the nonlinear
trapezoidal rule and the ICEC algorithm.
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Fig. 8 Problem 1: Dynamic deformation obtained using the nonlinear
trapezoidal rule.
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Fig. 9 Problem 1: Dynamic deformation obtained using the ICEC
algorithm.

obtained at each time step obtained with the trapezoidal rule and the
ICEC algorithm respectively. It can be observed that the trapezoidal
rule fails to solve this problem although it converges during the
simulation. This failure results from the total energy not being con-
served. Using the same data, the ICEC algorithm delivers a stable
and accurate solution that agrees with the literature.??

B. Problem 2: Free-Free Beam

This problem consists of a free-free four chain system as presented
in Fig. 10. Both methods are applied to solve this problem using four
beam elements and a time step of At =0.1 s. Figure 11 presents
the total energy variation obtained using the trapezoidal rule. The
first configuration presented in Fig. 12 was obtained with the ICEC
algorithm, and it agrees with the literature.’? The chain moves with
an anticlockwise rotation and a horizontal movement. The second
configuration presented in Fig. 12 was obtained using the trapezoidal

9,=1rad/s
X 4
y
L
L=400 m
EA=10"N
El=1.5x10°Nm’
Ap=1Kg/m
‘ v,=400m/s
Fig. 10 Problem 2 data.
i T T T T T T T T r
sH J
E 3} 4
Z
g
w 2F 4
s 4
o —
o s 10 s 2 2 ) % m W 50

time, s

Fig. 11 Problem 2: Total energy change obtained using the trapezoidal
rule.

a2 IR i

Fig. 12 Problem 2: Chain system configurations obtained using the
ICEC and the nonlinear trapezoidal rule.

rule. This solution matches the configurations obtained with the
ICEC algorithm during the first time steps. As observed in Fig. 11,
att =4 s the total energy change increases, and from this instant on
the nonlinear trapezoidal rule provides an incorrect solution.

From these examples, it is recognized that sometimes the nonlin-
ear trapezoidal algorithm converges to a wrong solution. The ICEC
algorithm delivers more stable and accurate nonlinear solutions than
the nonlinear trapezoidal rule.

VI. Aeroelastic Results with Linear Structures

To validate the multiple moving-frame code developed, some
numerical test cases were performed and the results compared with
the literature.

A. NACA0012 Airfoil Harmonic Pitching

The NACAO0012 airfoil harmonic pitching about the quarter-chord
is studied. A grid study was carried out, and it was concluded that
a 148 x 51 O-type grid (see Fig. 13) delivers accurate results. An
experimental study of these kind of problems was performed by
Landon,* and these results are compared with the present numerical
procedure results.

A prescribed pitching motion around the airfoil quarter-chord
point is applied, and the angle of attack « varies with time according
to the relation

a(t) =a,, + oy sin(w't) (28]
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Table1 Harmonic NACA0012 airfoil pitch problem data

My oy, deg ag, deg k
0.755 0.016 2.51 0.0814
0.6 4.86 2.44 0.081

S
o
S,
"‘722“':';' NI |
Dopto ISR

[

Fig. 13 148 X 51 O grid around the NACA0012 airfoil.
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Fig. 15 Moment coefficient vs angle of attack for a harmonic pitch
NACA0012 with M, =0.755.
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Fig. 14 Lift coefficient vs angle of attack for a harmonic pitch
NACAO0012 with M, =0.755.

where «,, is the mean angle of attack, « the oscillation amplitude,
and defining k as the reduced frequency one has @ =2Mk. The
initial condition is the steady-state solution at the mean angle «,,.
Each reference frame velocity V; and accelerationa; vectors are de-
termined based on the airfoil angular velocity « () and acceleration
a(t). Two different cases are solved. Simulation data are presented
in Table 1.

Figures 14 and 15 present the lift C; and moment C,, coefficients
variation with the angle of attack o for M, =0.755. The results
obtained experimentally® are also plotted for comparison purposes,
and the inviscid results obtained by Lin?® using multiple moving
frames and Kandil and Chuang?’ using one moving frame located
at the quarter-chord are also presented.

The C; and moment C,, coefficients variations with the angle of
attack o for M, =0.6 are presented in Figs. 16 and 17.

It can be inferred that the results obtained are in good agreement
with experimental data.*> Deviations are basically caused by numer-
ical results being based on the inviscid theory, as viscosity and flow
separation effects were not considered. The experimental lift and
moment coefficients were obtained using integrated pressure data.

T T T T T
Kandil’s solution
-—-- Lin’s solution ~
1k — Present solution //._4 i
O Experimental solution PR

0.9F i
0.8 i
oo7F 4
0.6 4
0.5F J
04r o o -

0.3 L L L 1 L
2 3 4 5 6 7 8

Q,°

Fig. 16 Lift coefficient vs angle of attack for a harmonic pitch
NACA0012 with M, =0.6.
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T T T T
Kandil’s solution
-+ Lin’s solution
—— Present solution
004 © Experimental solution g
0.03 ]
oF 0ot ]
0.01f ]
oF . ]
- -
ol -
N _ <
0.01 et . .
2 3 4 5 6 7 8
)

Fig. 17 Moment coefficient vs angle of attack for a harmonic pitch
NACA0012 with M, =0.6.

The differences between numerical results are a consequence of
differences in the methods to solve the system and implementa-
tion, artificial dissipation constants, grid topologies, and time steps.
Therefore, the numerical results obtained are consistent with exper-
imental and numerical results presented in the literature. Summa-
rizing, it can be concluded that the multiple moving-frames theory
presents good results and the code developed and implemented has
been validated for the case with a rigid structure.
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Fig. 18
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Fig. 21 Airfoil deformation amplified 10 times with g =5 deg and
Uso =7.96 in./s.

B. NACAO0012 Airfoil with Pitch and Plunge Degrees of Freedom

The next test case is a NACAO0012 airfoil subjected to a flow with
pitch and plunge degrees of freedom. Equation (21) is solved to
determine the structure field response. The elastic axis is placed at
the quarter-chord, the frequency ratio is wj, /@, = 0.2, and p = 100.
Results are obtained for dimensionless speeds of U* =4 and 8 and
initial angle of attack oy =5 deg. Figure 18 presents the results
obtained. Results with U* =4 are stable, whereas with U* =8 are
unstable. This behavior was also found by Mahajan et al.*® using the
Navier—Stokes equations, the potential theory, and a semi-empirical
model. These results demonstrate the coupling between the multiple
moving-reference-frame theory and a two-degrees-of-freedom rigid
airfoil.

VII. Aeroelastic Results with Nonlinear Structures

The results for an infinite length wing shown in Fig. 3 are pre-
sented next. A similar problem was already studied assuming the
structure as rigid and flexible/linear by Lin* and Farhat and Lin.?
They considered the airfoil skin total mass was set to unity and the
remaining structure properties were assumed constant for all of the
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beam elements: the airfoil skin thickness was 1% of the chord, and
the Young’s modulus E = 10° psi. This Young’s modulus is an ex-
treme value that will lead to large structural deformations and to the
failure of the original moving-frame method. The airfoil considered
is a NACAO0012, and it is stiffened at the quarter-chord. The fluid
flow Mach number is M., =0.8.

A. Flexible NACA0012 Airfoil Fixed in Space

To illustrate the coupling between the finite element corotational
theory and the modified moving-frames method, the springs con-
stants are set to high values to constrain the airfoil rigid-body motion
and to allow it just to deform elastically.

Simulations are performed with different initial angles of at-
tack . Initially, the fluid flow steady-state solution is determined

Rigid

aomWMAMNWVVWv—

0 50 100 150 200

0 50 100 150 200
5
Oh
s 0
-5
0 50 100 150 200
10
°s 0
S
-10
0 50 100 150 200
t*

considering the initial angle of attack « and after the transient
airfoil deformation is obtained. The fluid flow freestream speed is
Us =7.961n./s.

Figure 19 represents some airfoil configurations for the case
oy =0 deg. For this angle of attack, the upper and the lower air-
foil surfaces are under tension, and thus both surfaces distend.

Figure 20 represents the same problem solution but for the case
with ap =5 deg. For this angle of attack, the upper airfoil surface
is under tension, and the lower surface is under compression. As
it is expected, the upper surface distends, and the lower surface
contracts. Both results qualitatively agree with the physical process
involved.

Figure 21 presents the airfoil deformation, amplified 10 times,
at different time instants obtained using the nonlinear finite ele-
ment theory. Using the original multiple moving-frames method,
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Fig. 22 Aeroelastic results obtained with rigid and nonlinear flexible structure, considering M, =0.8 and Ao =1.15 deg.

Rigid

10

dou/ dt
(=}

-10

-15 -1 -05 0 0.5 1 1.5

do / dt
o

do/ dt
o

do/ dt
o

-20
-10 -5 0 5 10

Flexible
10
""’.
* o
o]
-10
15 -1 -05 0 05 1 15
5
<
¥

U=
& o

U=19.3
o

U=20.0
o

Fig. 23 Angle-of-attack o phase plot obtained with rigid and nonlinear flexible structure, considering M., =0.8 and Aa =1.15 deg.
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the flow solver failed?®?® because of large deformations. One con-
cludes that the modified algorithm is able to deal with large elastic
deformations.

B. Flexible NACA0012 Airfoil with Pitch
and Plunge Degrees of Freedom

The horizontal spring K is set to a high value so that there is no
movement in the x direction. The remaining springs constants are
set as K, =37.167 and K;, =253.3 (Ref. 28).

It was shown by the authors*’ that it is possible to obtain a solution
during a longer simulation range solving the structural problem us-
ing the corotational-implicit-energy-conserving algorithm. For the
same time step, the structural algorithm fails when it is solved with
the trapezoidal rule method, which highlights the importance of
the choice of the algorithm to solve the dynamic equations of the
structural motion.

0.1
£
=
-0.1 r
02 04 06 08 1
0.1
£
= —
0.1 1'=6
02 04 06 08 1
0.1
£
=

0.2 0.4 0.6 0.8 1

in

An initial Ao =1.15 deg pitch-angle perturbation is applied.
Figure 22 presents the simulation results for the angle of attack
o vs the dimensionless time #*, for different freestream speeds, con-
sidering the structure rigid on the left side, and flexible on the right
side. At U* = 1.19 the perturbation is damped. At U* = 1.81 limit-
cycle oscillations (LCO) are found for the rigid case. At the same
speed, the nonlinear flexible structure solution is still damped. At
U* =2.42,L.CO are encountered for the flexible case. At that speed,
the rigid case also presents LCO, but its amplitude is larger than
in the flexible case. As the freestream speed increases, the LCO
amplitude also increases. At U* =2.51, the flexible results exhibit
unstable results, whereas the rigid still exhibits LCO. The LCOs
determined using the rigid airfoil have a larger amplitude and are
found between the flowfields of U* = 1.81 and 2.51, whereas for the
rigid case the LCO are first observed around U* =2.42. The phase
plot of the preceding results is presented in Fig. 23.
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Fig. 24 Airfoil initial and deformed configurations at different time steps for U* =1.81.
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Fig. 25 Airfoil initial and deformed configurations at different time steps for U* =2.42.
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Fig. 26 Angle-of-attack o phase plot obtained with rigid and non-
linear flexible structure, considering M., =0.8, Aa=1.15 deg, and
Aa=10.0 deg.

The importance of modeling nonlinear flexible structures is high-
lighted in particular for U* = 1.81, where nonlinearities damp the
initial perturbation. The initial and deformed airfoil configurations
obtained with U* = 1.81 at different time instants are presented in
Fig. 24. The airfoil skin deflections for the case with U* =2.42 are
presented in Fig. 25.

A simulation is performed for the case with U* =2.42 but with
an initial perturbation Aa =10 deg. These results phase plots are
presented in Fig. 26 simultaneously with results for Ao = 1.15 deg.
A stable limit-cycle oscillation is observed as the neighboring tra-
jectories approach the limit cycle.

VIII. Conclusions

This paper presents a formulation of an integrated corotational
fluid-structure-interaction framework in the time domain to solve
aeroelastic problems with geometrically nonlinear structures in an
inviscid flow. The proposed method combines the nonlinear im-
plicit corotational energy-conserving (ICEC) finite element theory
to solve the structural field and a method to solve the Euler fluid flow
equations using a modified multiple moving-frames method. This
method does not require fluid grid regeneration or deformation.

Nonlinear structural dynamic problems were solved, and it was
shown that the ICEC method is more stable and accurate than the
nonlinear trapezoidal rule. The choice of the algorithm to solve the
structural equations is important to numerical stability, which is
very important for longer time simulations to verify the long-time
response of the structure.

The multiple moving-frame method as originally reported in the
literature is restricted to problems with small deformations. The
algorithm proposed in this paper overcomes this restriction because
the finite element displacement is decomposed into 1) finite element
rigid motion, which is transferred to the fluid algorithm through the
moving-frame rigid-body motion, and 2) small elastic deformations,
which are applied in the metrics update increment. In the original
moving-frame method the elastic deformation was applied into the
metrics update, and the frames motion reflected the total structure

Mlav + M2av Aa

the corotational finite element theory, which by definition are small.
The present method presents stable solutions for problems where
the original method failed. The current formulation of this method
is restricted to structured fluid meshes. A straightforward method
to associate the fluid grid nodes with a determined moving frame
that will allow simulations for complex geometries and unstructured
meshes should be developed.

Comparing aeroelastic results between the rigid and the nonlinear
flexible structures, it is observed that the chordwise flexibility can
play an important role in the system dynamics. For the cases studied,
the flexible structure presents limit-cycle oscillations at a higher fluid
speed, and its amplitude is smaller compared to the rigid airfoil. The
test cases studied agree with the literature.

Appendix: Nonlinear Stiffness Matrix
Matrix D Explicit Form
Assuming that the angular velocity and acceleration vectors just
have components in Z direction and defining the position vector with
respect to the moving frame as 7 = {x, 3}, the D Jacobian matrix was
determined by Lin?’:

612: 1313 =1314= ﬁz4 =1334=0

Di=Dn=Dy=-V-V, Dy=—yV.-V,
ble_a/‘X +(1)J)A7+CU?)2, ﬁzg =2(1)J
631 = —ajy - w])? + wff/, ﬁ32 = —2&)/-

Day =a;,0;y —a;,0;X —v;.a; —v;a; +v,0;9 —v;o;X
+vjxa)§x’+vij§§)—wjd)j()€2—|—§)2)
— 3y = D@+ 2+ VH)V-V,

Dip= —aj, —vjw;+o;y+ (y — DHav-V,

Dy=—a; +v,0; —@;%+ (- DOV-V, (A1)

Nonlinear Stiffness Matrix
Next, the total nonlinear stiffness matrix K; explicit formula,*
used in the ICEC algorithm, is recalled:

Kr =K, + K7, (A2)
where
1 T+ T° T
KIZEH:D(%>j| +1 KT, A (A3)
A+B+C —-A-B-C
K, = (Ad)
—-A—-B—-C A+4+B+C

Defining Ao = o, 4 or — &, the 3 x 3 matrices A, B, and C are de-
termined from

Nav T
— +
A= | L4 a1 +cos Aa)f’”’f'ﬂ'

rigid-body motion. The method failed in the presence of large de-
formations because the update scheme is restricted to small elas-
tic deformations. In the present paper, the frames reflect the finite
element rigid motion and not the total structure rigid-body mo-
tion. It does not fail for cases with large deformations because the
metrics are updated with the elastic deformations determined by

T T
(et+Atf,+A, +ft+Ate,+A,) 0

sin Ao (AS)

0

Ll

fi | Jiva
B_sinAa—AacosaMlav-f-Mzav —|:—t+ — 1T+Ar 0

sin® Aa 2l; 4 s
o7 0

(A6)
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_ sin Aa _ Nay | (e, + era-TAr)ftTJr At 8 (A7)
(1 +cos Aa)? ;4 as
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